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THE TOPOLOGICAL PERIOD-INDEX PROBLEM OVER
8-COMPLEXES, I
XING GU
Abstract. We study the Postnikov tower of the classifying space of a compact
Lie group P (n,mn), which gives obstructions to lifting a topological Brauer
class of period n to a PUmn-torsor, where the base space is a CW complex
of dimension 8. Combined with the study of a twisted version of Atiyah-
Hirzebruch spectral sequence, this solves the topological period-index problem
for CW complexes of dimension 8.
1. Introduction
This paper is a sequel to [2] and [3], in which Antieau and Williams initiated the
study of the topological period-index problem. Given a path-connected topological
spaceX , let Br(X) be the topological Brauer group defined in [3], whose underlying
set is the Azumaya algebras modulo the Brauer equivalence: A0 and A1 are called
Brauer equivalent if there are vector bundles E0 and E1 such that
A0 ⊗ End(E0) ∼= A1 ⊗ End(E1).
The multiplication is given by tensor product.
Remark 1.1. In its full generality, Brauer group can be defined for any locally-ringed
topos. See [4], for example.
Azumaya algebras over X of degree r are classified by the collection of PUr-
torsors over X , i.e., the cohomology set H1(X ;PUr), where PUr is the projective
unitary group of degree r. Consider the short exact sequences of Lie groups
(1.1) 1→ S1 → Ur → PUr → 1
and
(1.2) 0→ Z→ C
exp
−−→ S1 → 1
where the arrow S1 → Ur is the inclusion of scalars. Then the composition of
Bockstein homomorphisms
(1.3) H1(X ;PUr)→ H
2(X ;S1)→ H3(X ;Z)
associates an Azumaya algebra A to a class α ∈ H3(X ;Z). The exactness of the
sequences above implies that
(1) α ∈ H3(X ;Z)tor, the subgroup of torsion elements of H
3(X ;Z), and
(2) the class α only depends on the Brauer equivalence class of A.
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Therefore, we established a function Br(X)→ H3(X ;Z)tor. It is not hard to show
([12]) that this function is in fact an inclusion of a subgroup. For this reason,
H3(X ;Z)tor is also called the cohomological Brauer group of X , and is sometimes
denoted by Br′(X).
Serre showed ([12]) that when X is a finite CW complex, the inclusion is also
surjective. Hence, for any α ∈ H3(X ;Z)tor, there is some r such that a PUr-torsor
over X is associated to α via the homomorphism (1.3). Let per(α) denote the
order of α as an element of the group H3(X ;Z), then Serre also showed ([12]) that
per(α)|r, for all r such that there is a PUr-torsor over X associated to α in the
way described above. Let ind(α) denote the greatest common divisor of all such r,
then in particular we have
(1.4) per(α)| ind(α).
Furthermore, Antieau and Williams showed ([3]) the following
Theorem 1.2 (Theorem 6, [4]). Let (X,R) be a locally-ringed connected topos and
let α ∈ Br(X,R). There exists a representative A of α such that the prime numbers
dividing per(α) and deg(A) coincide.
In particular, the period and index of any α ∈ Br(X) have the same prime
divisors, for a connected finite CW-complex X . Hence, for a sufficiently large
integer e we have
(1.5) ind(α)| per(α)e.
The topological period-index problem can be stated as follows:
For a given class C of finite CW complexes, find the sharp lower bound of e such
that (1.5) holds for all finite CW complex X in C and all elements α ∈ Br(X).
The topological period-index problem is motivated by its analog in algebraic
geometry, where the topological Brauer group of a CW complex is replaced by
the usual Brauer group of a scheme, and where the period and index are defined
similarly. We have the following folklore conjecture:
Conjecture 1.3 (Colliot-The´le`ne). Let k be either a Cd-field or the function field
of a d-dimensional variety over an algebraically closed field. Let α ∈ Br(k), and
suppose that per(α) is prime to the characteristic of k. Then
ind(α)| per(α)d−1.
Examples have been known such that ind(α) = per(α)d−1 ([10]), so the bound
is sharp if it holds. The conjecture has been proved in a few low dimensional cases,
which are summarized in [3]. Very little is known in high dimensions.
There is an obvious topological analog of Conjecture 1.3, which is proposed by
Antieau and Williams in [2] and referred to as “straw man”, or the topological
period-index conjecture:
Conjecture 1.4 (Antieau-Williams). If X is a 2d-dimensional finite CW complex,
and α ∈ Br(X), then
ind(α)| per(α)d−1.
Notice that, if X is a complex algebraic variety of dimension d, then its under-
lying topological space has a 2d-dimensional cell decomposition, whence the 2d in
the conjecture.
THE TOPOLOGICAL PERIOD-INDEX PROBLEM OVER 8-COMPLEXES, I 3
Antieau and Williams disproved Conjecture 1.4 in [2]. To state their results in
consistency with this paper, we denote by ǫp(n) the greatest common divisor of p
and n. Typically p will be a prime number. The notations in the following theorem
is altered accordingly.
Theorem 1.5 (Antieau-Williams, [2]). Let n be a positive integer. There exists a
connected finite CW complex X of dimension 6 equipped with a class α ∈ Br(X)
for which per(α) = n and ind(α) = ǫ2(n)n
2.
Theorem 1.5 would be a special case of the following
Conjecture 1.6 (Antieau-Williams, [1]). Let X be a finite 2d-dimensional CW-
complex, and let α ∈ Br(X) have period m = pr11 · · · p
rk
k . Then,
ind(α) = md−1
k∏
i=1
p
vpi ((d−1)!)
i ,
where vpi is the pi-adic evaluation.
In this paper, we show that the topological period-index conjecture fails again
for 8-dimensional CW complexes. The main result is the following
Theorem 1.7. Let X be a topological space of homotopy type of an 8-dimensional
connected finite CW-complex, and let α ∈ H3(X ;Z)tor be a topological Brauer class
of period n. Then
(1.6) ind(α)|ǫ2(n)ǫ3(n)n
3.
In addition, if X is the 8-th skeleton of K(Z/n, 2), and α is the restriction of the
fundamental class βn ∈ H
3(K(Z/n, 2),Z), then{
ind(α) = ǫ2(n)ǫ3(n)n
3, 4 ∤ n,
ǫ3(n)n
3| ind(α), 4|n.
In particular, the sharp lower bound of e such that ind(α)|ne for all X and α is 4.
The theorem solves the topological period-index problem for α ∈ Br(X) where
X is an 8-complex, and 4 ∤ per(α). In particular, it implies that the topological
version of the period-index conjecture fails in dimension 8, as it does in dimension
6. We decompose Theorem 1.7 into two sub-theorems as follows, since the proof of
the second sub-theorem requires special attention.
Theorem 1.7.1. LetX be a topological space of homotopy type of an 8-dimensional
connected finite CW-complex, and let α ∈ H3(X ;Z)tor be a topological Brauer class
of period n. Then
(1.7) ind(α)|ǫ2(n)ǫ3(n)n
3.
In addition, if X is the 8-th skeleton of K(Z/n, 2), and α is the restriction of the
fundamental class βn ∈ H
3(K(Z/n, 2),Z), then
(1.8)
{
ind(α) = ǫ3(n)n
3, n odd,
ǫ3(n)n
3| ind(α), n even.
The divisibility relation (1.7) was shown by Antieau and Williams in [1]. Indeed,
they proved the more general fact ind(α)|md−1
∏k
i=1 p
vpi ((d−1)!)
i , which would be
a corollary of Conjecture 1.6 if it holds. The equation (1.8) is not known before.
Nonetheless, we provide a full proof of Theorem 1.7.1 for completeness.
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Theorem 1.7.2. Let n = 2l for some odd integer l, X the 8-th skeleton of
K(Z/n, 2), and α the restriction of the fundamental class βn. Then ind(α) ∤ ǫ3(n)n
3,
which shows, following Theorem 1.7.1,
ind(α) = ǫ2(n)ǫ3(n)n
3.
The proof of (1.6) relies on twisted complex K-theory, of which details are dis-
cussed in Section 2. We prove the second paragraph of the theorem with classical
obstruction theory, which is outlined as follows.
Let m,n be integers. Then Z/n is a closed normal subgroup of SUmn in the
sense of the following monomorphism of Lie groups:
Z/n →֒ SUmn : t 7→ e
2π
√
−1t/nImn,
where Ir is the identity matrix of degree r. We define the quotient group to be
P (n,mn). In particular, P (n, n) is the projective unitary group PUn, and we have
the following short exact sequence of Lie groups:
1→ Z/n→ P (n,mn)
ϕ
−→ PUmn → 1.
The homotopy groups of P (n,mn) in low degrees relative to mn are well known:
(1.9) πi(P (n,mn)) ∼=


Z/n, if i = 1,
Z, if 1 < n < 2mn, and n is odd,
0, if 1 < n < 2mn, and n is even,
Z/(mn)!, if i = 2mn.
This follows since P (n,mn) has SUmn as a simply connected n-cover, whose ho-
motopy groups in low dimensions follows from Bott periodicity ([7]). Consider its
classifying space BP (n,mn), and we have a map BP (n,mn)→ K(Z/n, 2) which is
the projection of BP (n,mn) onto the first non-trivial stage of its Postnikov tower.
This map also classifies the generator of H2(BP (n,mn);Z/n).
Given a connected CW-complex X such that H2(X ;Z) = 0, and α ∈ Br′(X) of
period n, there is a unique class α′ ∈ H2(X ;Z/n) such that B(α′) = α, where B
is the Bockstein homomorphism. Then α′ is classified by a map X → K(Z/n, 2).
Therefore we have a lifting problem as shown by the following diagram:
(1.10)
BP (n,mn)
X K(Z/n, 2)α
′
It can be shown, as done in later sections, that α is classified by a PUmn-torsor
over X if and only if the lifting problem above has a solution. If X is a finite
CW complex, then it suffices to study maps from X into successive stages of the
Posnikov tower of BP (n,mn), which occupies most of this paper.
In Section 2 we recapture the cohomology of Eilenberg-Mac Lane spaces nec-
essary for our purpose; in Section 3 we introduce the twisted K-theory and the
associated Atiyah-Hirzebruch spectral sequence; Sections 4, 5, and 6 are devoted to
the study of the classifying spaces BP (n,mn), in particular their Postnikov towers,
which is the technical core of this paper. In section 7 we introduce a few tricks to
prove Theorem 1.7.2
Acknowledgement. This paper is a revised version of the second chapter of the
author’s Ph.D. thesis at the University of Illinois at Chicago. The author is grateful
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2. preliminary on the cohomology of eilenberg-mac lane spaces
As mentioned in the introduction, the objects of interest are various stages of
the Postnikov tower of the space BP (n,mn). It follows from (1.9) that the rele-
vant Eilenberg-Mac Lane spaces are of the forms K(Z/n, 2) and K(Z, n). All the
assertions made in this section are essentially consequences of [16].
Consider the Eilenberg-Mac Lane space K(Z, n) for n ≥ 3. By [16], the integral
cohomology ring H∗(K(Z, n);Z) in degree ≤ n + 3 is isomorphic to the following
graded ring:
(2.1) Z[ιn,Γn]/(2Γn),
where ιn, of degree n, is the so-called fundamental class, and Γn, of degree n + 3,
is a class of order 2. We denote by ι¯n, Γ¯n the mod 2 reduction of ιn and Γn in
H∗(K(Z, n);Z/2), respectively. Either by [16] or by the Ku¨nneth Theorem, there
is a class Γ′n ∈ H
n+2(K(Z, n);Z/2) such that B(Γ′n) = Γn, where B denotes the
Bockstein homomorphism. Moreover, we consider the Steenrod square Sqr and
write Sqr for the following composition:
H∗(−;Z)
mod 2
−−−−→ H∗(−;Z/2)
Sqr
−−→ H∗+r(−;Z/2),
where the first arrow denotes the mod 2 reduction.
Lemma 2.1. If n > 3, then Γ′n = Sq
2(ι¯n). In terms of cohomology operations, this
means
Γn = B ◦ Sq
2 : Hn(−;Z)→ Hn+3(−;Z).
Then the Adem relation Sq3 = Sq1 Sq2 implies Γn = Sq
3(ιn).
Proof. First we consider the case n = 3. The path fibration K(Z, 2) → ∗ →
K(Z, 3) induces a cohomological Serre spectral sequence 3E∗,∗∗ with coefficients
in Z/2, such that 3E3,02
∼= H3(K(Z, 3);Z/2) ∼= Z/2 is generated by ι¯3;
3E0,22
∼=
H2(K(Z, 2);Z/2) ∼= Z/2 is generated by ι¯2;
3E5,02
∼= H5(K(Z, 3);Z/2) ∼= Z/2 is
generated by Γ′3; and
3E0,42
∼= H4(K(Z, 2);Z/2) ∼= Z/2 is generated by ι¯22. The
vanishing of the E∞ page in positive total degrees implies
(2.2) d2(ι¯2) = ι¯3,
and
(2.3) d4(ι¯
2
2) = Γ
′
3.
Notice that ι¯22 = Sq
2(ι¯2). Moreover, by Corollary 6.9 of [14], Steenrod squares
commute with transgressions in Serre spectral sequences. The following equation
then follows from (2.2) and (2.3):
(2.4) Γ′3 = d4(ι¯
2
2) = d4(Sq
2(ι¯2)) = Sq
2 d2((ι¯2)) = Sq
2(ι¯3).
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n n+ 2
n− 1
n+ 1
ι¯n−1
Γ′n−1
ι¯n Γ
′
n
Figure 1. Low dimensional trasgressions in the mod 2 cohomo-
logical Serre spectral sequence induced by K(Z, n − 1) → ∗ →
K(Z, n).
This proves lemma in the case n = 3. We verify the general case by induction on n.
Consider the path fibration K(Z, n−1)→ ∗ → K(Z, n). Again, by the vanishing of
the E∞ page in positive total degrees, we have dn(ι¯n−1) = ι¯n and dn+2(Γ′n−1) = Γ
′
n.
See Figure 1 for an indication of the relevant differentials. Since all the differentials
in sight are transgressions, the induction is complete. 
We proceed to consider K(Z/n, 2), for any positive integer n. By [16], the
integral cohomology of K(Z/n, 2) in degree ≤ 8 is isomorphic to the following
graded commutative ring:
(2.5) Z[βn, Qn, Rn, ρn]/(nβn, ǫ2(n)β
2
n, ǫ2(n)nQn, ǫ3(n)nRn, ǫ3(n)ρn),
where deg(βn) = 3, deg(Qn) = 5, deg(Rn) = 7, and deg(ρn) = 8. In other words,
there is exactly one generator in each of the degrees 3, 5, 6, 7, which are, respectively,
βn, Qn, β
2
n, Rn, of order
n, ǫ2(n)n, ǫ2(n), ǫ3(n)n,
and 2 generators in degree 8, βnQn and ρn, of order ǫ2(n) and ǫ3(n), respectively.
Notice that when n is odd, the elements ǫ2(n)β
2
n and βnQn are trivial. When n is
coprime to 3, ρn = 0.
Consider the canonical inclusion gm,n : Z/n → Z/mn, which induces a map
g
(i)
m,n : K(Z/n, i)→ K(Z/mn, i) for any integer i > 0.
For any prime number p such that p|n, a straight forward computation of ho-
mology of groups shows that we have the isomorphism
(2.6) (g(1)m,n)∗ : H2(K(Z/n, 1);Z/p) ∼= H2(K(Z/mn, 1);Z/p) ∼= Z/p.
See, for example, Section 6.2 of [18]. On the other hand, recall “la transpotence”
ψp : H2q(K(Z/r, i);Z/p)→ H2pq+2(K(Z/r, i+ 1);Z/p)
defined in Section 6 of [16], which, by the example on page 6-08, [16], is Z/p-linear
when p is odd. We adopt the notations in Section 11 of [16]. Let Ar be the group
ring of Z/r generated by a single element ur. Then, it is an easy consequence of
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Section 9 of [16] that H2(K(Z/r, 1);Z/p) is generated by ψp(ur). It then follows
from (2.6) that we have
(g(1)m,n)∗(ψp(un)) = µψp(unm).
For some µ ∈ (Z/p)∗. When p is odd, since ψp is functorial and Z/p-linear, we have
(2.7) (g(2)m,n)∗((ψp)
2(un)) = µ(ψp)
2(unm),
an equation of elements ofH8(K(Z/mn, 2);Z/p). When p = 3, the discussion above
leads to the following
Lemma 2.2. The induced homomorphism H8(g
(2)
m,n) is a 3-local isomorphism if
3|n and 0 otherwise.
Proof. When 3 ∤ n, we have H8(K(Z/n, 2);Z) = 0, and there is nothing to prove.
When 3|n, by the universal coefficient theorem, it suffices to show that
(g(2)m,n)∗ : H7(K(Z/n, 2);Z)→ H7(K(Z/mn, 2);Z)
is an isomorphism. It follows from Section 11 of [16] that
H7(K(Z/r, 2);Z) ∼= Z/3
is generated by the Bockstein of (ψ3)
2(ur), when 3|r. The lemma then follows from
(2.7). 
Consider the short exact sequence
0→ Z/n→ Z/mn→ Z/m→ 0
which induces the following fiber sequence of spaces:
K(Z/m, 1)→ K(Z/n, 2)→ K(Z/mn, 2).
We denote the induced cohomological Serre spectral sequence in integral coefficients
by HE∗,∗∗ .
Lemma 2.3. Let HE∗,∗∗ be as above. If ǫ2(n)n|m, then
H5(K(Z/n, 2);Z) ∼= HE
3,2
∞ =
ǫ2(m)
ǫ2(n)
HE
3,2
3 / Im
Hd
0,4
3 ,
and if ǫ3(n)n|m, then
H7(K(Z/n, 2);Z) ∼= HE
3,4
∞ =
ǫ3(m)
ǫ3(n)
HE
3,4
3 / Im
Hd
0,6
3 .
Remark 2.4. In particular, we have
H5(K(Z/n, 2);Z) ∼= Z/ǫ2(n)n,
and
H7(K(Z/n, 2);Z) ∼= Z/ǫ3(n)n.
Proof. Consider the E2-page
HEs,t2
∼= Hs(K(Z/mn, 2);Ht(K(Z/m, 1);Z)) ∼=

Hs(K(Z/mn, 2);Z), if t = 0.
Hs(K(Z/mn, 2);Z/m), if t > 0 and t is even,
0, if t is odd.
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This follows from the fact that, as a ring,
(2.8) H∗(K(Z/m, 2);Z) ∼= Z[v]/(mv),
where v is of degree 2. For obvious degree reasons, we have
(2.9) Hd0,23 :
HE
0,2
3
∼= Z/m→ HE
3,0
3
∼= Z/mn, v 7→ nβmn,
i.e., the canonical inclusion Z/m → Z/mn. Since the spectral sequence is multi-
plicative, it follows from (2.9) that
(2.10) Hd3,23 :
HE
3,2
3
∼= Z/m→ HE
6,0
3
∼= Z/2, vβmn 7→ nβ
2
mn,
which is surjective if n is odd, and 0 if n is even. By Leibniz rule, we have
(2.11) Hd0,43 :
HE
0,4
3
∼= Z/m→ HE
3,2
3
∼= Z/m, v2 7→ 2nvβmn.
It follows from obvious degree reasons that HE3,2∞ = Ker
Hd
3,2
3 / Im
Hd
0,4
3 . There-
fore, by (2.10), (2.11) and ǫ2(n)n|m, we have
(2.12) HE3,2∞ = 〈
2
ǫ2(n)
vβmn〉/〈2nvβmn〉 =
ǫ2(m)
ǫ2(n)
HE
3,2
3 / Im
Hd
0,4
3
∼= Z/ǫ2(n)n,
which is isomorphic to H5(K(Z/n, 2);Z), and the first equation follows.
We proceed to prove the second equation in the lemma. By Leibniz rule and
(2.9), we have
d0,63 (v
3) = 3nv2βmn, and d
3,4
3 (v
2βmn) = 2vβ
2
mn = 0
since 2βmn = 0, from which it follows that
(2.13) HE3,44 =
HE
3,4
3 / Im d
0,6
3 =
HE
3,4
3 /3n
HE
3,4
3
∼= Z/ǫ3(m)n.
For degree reasons the only potentially nontrivial differential into or out of HE3,44
is
Hd3,45 :
HE
3,4
4 →
HE
8,0
4 ,
where the codomain HE
8,0
4 is a quotient group of H
8(K(Z/mn, 2);Z) in which ρmn
is nontrivial. It follows from Lemma 2.2 that
(2.14) Hd3,45
{
= 0, if 3|n,
onto ρmn, otherwise.
Hence, when ǫ3(n)n|m, we have
(2.15) HE
3,4
∞ = Ker
Hd5
3,4
=
ǫ3(m)
ǫ3(n)
HE
3,4
3 / Imd
0,6
3
∼= Z/ǫ3(n)n,
which is isomorphic to H7(K(Z/n, 2);Z), and the desired equation follows. 
The cohomology of K(Z/n, 2) with coefficients in Z/2 is of particular interest to
us. In fact, we have a beautiful description of the cohomology ringH∗(K(Z/2, q);Z/2)
for any q > 0. We denote the fundamental class of Hq(K(Z/2, q);Z/2) by b. Recall
that a finite sequence of positive integers I = (i1, i2, · · · , ir) is called admissible if
ik ≥ 2ik+1, for k = 1, · · · , r − 1. The excess of I is defined as
e(I) = i1 − i2 − · · · − ir.
The following well-known theorem can be found, for example, in [15], in a slightly
different form.
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Theorem 2.5 (Theorem 4, Chapter 9, [15]). When n is even, the ring H∗(K(Z/n, q);Z/2)
is the polynomial ring with generators
SqI(b) = Sqi1 Sqi2 · · · Sqir (b)
where I runs through admissible sequences of excess e(I) < q, with the exception,
in the case 4|n, and ir = 1, Sq
I(b) is replaced by
Sqi1 Sqi2 · · · Sqir−1(b′),
where b′ is the mod 2 reduction of the generator of Hq+1(K(Z/n, q);Z), and Sq1(b) =
0.
In the special case of q = 2, we have
Corollary 2.6. When n is even, we have the isomorphism
H∗(K(Z/n, 2);Z/2) =∼= Z/2[b2, b3, b5]
where b2 = b is the fundamental class, Sq
1 b2 = 0 when 4|n and Sq
1 b2 = b3
otherwise, and b5 = Sq
2 b3.
We conclude this section with the following.
Proposition 2.7. The mod 2 reduction of R2 ∈ H
7(K(Z/2, 2);Z) is b22b3 ∈
H7(K(Z/2, 2);Z/2). In particular, it is nontrivial.
Proof. We know that Sq1 is the composition of the Bockstein homomorphism fol-
lowed by the mod 2 reduction. ([15], for example.) It follows from (2.5) that
H8(K(Z/2, 2);Z) is a 2-torsion group, from which it follows that the mod 2 reduc-
tion
H8(K(Z/2, 2);Z)→ H8(K(Z/2, 2);Z/2)
is injective. Furthermore, H8(K(Z/2, 2);Z) is generated by a single element R2.
Therefore, it suffices to show Sq1(b22b3) = 0, which implies the Bockstein homomor-
phism sends b22b3 to 0, i.e., b
2
2b3 is the mod 2 reduction of some nonzero integral
class, which may only be R2. Indeed, by Cartan’s formula, we have
Sq1(b22b3) =Sq
1(b2)b2b3 + b2 Sq
1(b2)b3 + b
2
2 Sq
1(b3)
=2 Sq1(b2)b2b3 + b
2
2 Sq
1 Sq1(b2)
=0,
where the last equation follows from the Adem relation Sq1 Sq1 = 0. 
3. twisted K-theory and the atiyah-hirzebruch spectral sequence
For a connected topological space X and a class α ∈ Br′(X) = H3(X ;Z)Tor,
Donovan-Karoubi ([11]) and Atiyah-Segal ([8])defined the twisted complex K-theory
of X with respect to α, which we denote by KU(X)α, following the convention in
[3].
Similar to the usual, untwisted complex K-Theory, there is a twisted version of
the Atiyah-Hirzebruch spectral sequence, E˜∗,∗∗ , such that
E˜s,t2
∼=
{
Hs(X ;Z), if t is even,
0, if t is odd,
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and converges to KU(X)α when X is a finite CW complex. For more details, see
[8] and [9]. The spectral sequence is closely related to the index of α, as shown in
the following
Theorem 3.1. Let X be a connected finite CW complex and let α ∈ Br(X). Con-
sider E˜∗,∗∗ , the twisted Atiyah-Hirzebruch spectral sequence with respect to α with
differentials d˜s,tr with bi-degree (r,−r + 1). Then we have E˜
0,0
2
∼= Z, and any E˜0,0r
with r > 2 is a subgroup of Z and therefore generated by a positive integer. The
subgroup E˜0,03 (resp. E˜
0,0
∞ ) is generated by per(α) (resp. ind(α)).
Moreover, we have a rank map KU0(X)α → Z (See Section 2.5 of [3]) of which
the image is generated by ind(α). Theorem 3.1 is an immediate consequence of
Proposition 2.21 and Lemma 2.23 of [3]. It has the following consequence:
Corollary 3.2. Let X be a connected 8-dimensional CW-complex, and let α ∈
Br′(X) = H3(X ;Z)tor be such that per(α) = n. Then ind(α)|ǫ2(n)ǫ3(n)n3.
Proof. First we fix a CW-complex structure on the Eilenberg-Mac Lane space
K(Z/n, 2) and take X to be sk8(K(Z/n, 2)), the 8th skeleton of K(Z/n, 2). Then
the corresponding twisted Atiyah-Hirzebruch spectral sequence is shown in Figure
2, where one readily sees that the only differentials out of E˜0,0∗ with non-trivial
codomains are d˜0,03 , d˜
0,0
5 and d˜
0,0
7 , whose codomains are, respectively, subquotients
of E˜3,−22
∼= H3(K(Z/n);Z), E˜
5,−4
2
∼= H5(K(Z/n);Z) and E˜
7,−6
2
∼= H7(K(Z/n);Z).
As discussed in Section 1, the three groups above are all cyclic, of order n, ǫ2(n)n,
and ǫ3(n)n respectively, from which the desired result follows forX = sk8(K(Z/n, 2)).
For a general X and α, choose α′ ∈ H2(X ;Z/n) such that B(α′) = α, where B is
the Bockstein homomorphism. then α′ is classified by a cell map f : X → K(Z/n, 2)
such that f∗(βn) = α, where βn is the canonical generator of H2(K(Z/n, 2);Z) as
discussed in Section 2. The corollary then follows from the functoriality of the
twisted Atiyah-Hirzebruch spectral sequence. The idea of the proof is indicated in
Figure 2. 
4. the space BP (n,mn) and its low dimensional postnikov
decomposition
Let m,n be integers. Recall that in Section 1 we defined a Lie group P (n,mn)
which fits in the following exact sequence:
1→ Z/m→ P (n,mn)
ϕ
−→ PUmn → 1.
Applying the classifying space functor, we obtain a fiber sequence
(4.1) BZ/m→ BP (n,mn)
Bϕ
−−→ BPUmn.
The space BP (n,mn) plays an important role in the study of topological period-
index problem. As we mentioned in the introduction, π1(P (n,mn)) ∼= Z/n, and
consequently BP (n,mn) is a simply connected space with π2(BP (n,mn)) ∼= Z/n.
Therefore we have a projection onto the 2nd stage of Postnikov TowerBP (n,mn)→
K(Z/n, 2). In particular, P (n, n) = PUn, and we have the following commutative
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3 5 7
−2
−4
−6
Z Z/n Z/ǫ2(n)n Z/ǫ3(n)n
Figure 2. The twisted Atiyah-Hirzebruch spectral sequence asso-
ciated to the 8th skeleton of K(Z/n, 2).
diagram
(4.2)
BP (n,mn) BPUmn
K(Z/n, 2) K(Z/mn, 2)
where the vertical arrows are the projections to the 2nd stages of the respective
Postnikov towers.
Proposition 4.1. The bottom arrow in the diagram (4.2) is induced by the canon-
ical inclusion Z/n →֒ Z/mn.
In fact, this follows from the fact that Bψ induces a morphism on the 2nd
homotopy groups which is the inclusion described above.
Delooping the first term of the fiber sequence (4.1), we obtain another fiber
sequence
(4.3) BP (n,mn)
Bϕ
−−→ BPUmn
η
−→ K(Z/m, 2),
which leads to the following
Proposition 4.2. The second arrow η in the fiber sequence (4.3) fits in the fol-
lowing commutative diagram:
BP (n,mn) BPUmn
K(Z/n, 2) K(Z/mn, 2) K(Z/m, 2)
η
in which the square is diagram (4.2) and the bottom row is a fiber sequence induced
by delooping twice the canonical short exact sequence
0→ Z/n→ Z/mn→ Z/m→ 0.
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Let X be a finite CW complex and let α ∈ Br(X) = H3(X ;Z)tor be of order
n. Recall the lifting problem (1.10) discussed in the introduction, as shown by the
following diagram.
(4.4)
BP (n,mn)
X K(Z/n, 2)α
′
We have the following
Proposition 4.3. LetX , α be as above. Furthermore, suppose that H2(X ;Z) = 0.
Then α is classified by an Azumaya algebra of degree mn if and only if the lift in
diagram (4.4) exists.
Proof. The “if” part follows easily by post-composing a lift X → BP (n,mn) with
Bϕ (See (4.1)). To prove the “only if” part, suppose that α is classified by a map
f : X → BPUmn. Since H
2(X ;Z) = 0, there is a unique α′ ∈ H2(X ;Z/n) such
that B(α′) = α, where B is the Bockstein homomorphism. Moreover, let α′′ be
the image of α′ under the canonical map K(Z/n, 2)→ K(Z/mn, 2), then α′′ is the
unique class in H2(X ;Z/mn) such that B(α′′) = α. The uniqueness of α′′ indicates
that the map f above fits in the following commutative diagram
(4.5)
BP (n,mn) BPUmn K(Z/m, 2)
X K(Z/n, 2) K(Z/mn, 2) K(Z/m, 2)
η
=f
α′
where the square in the middle is the one in Proposition 4.2, and both the top and
bottom rows of the 3 by 2 rectangular diagram are fiber sequences. The bottom row
being a contractible map, a simple diagram chasing shows that the lift indicated
by the dashed arrow exists. 
We denote integral cohomological Serre spectral sequence associated to (4.1) by
(E∗,∗∗ , d
∗,∗
∗ ), of which the E2 page is
(4.6)
Es,t2
∼= Hs(BPUmn;H
t(BZ/m)) ∼=


Hs(BPUmn;Z), if t = 0;
Hs(BPUmn;Z/m), if t > 0 is even;
0, if t is odd.
This follows from the fact that, as a ring,
(4.7) H∗(BZ/m) ∼= Z[v]/(mv),
where v is of degree 2. As for the cohomology of BPUmn, we have the following
Theorem 4.4 ([13], Theorem 1.1). For an integer n > 1, H∗(BPUn;Z) in degrees
≤ 10 is isomorphic to the following graded ring:
Z[e2, · · · , ejn , x1, y3,0, y2,1]/In.
Here ei is of degree 2i, jn = min{5, n}. The degrees of x1, y3,0, y2,1 are 3, 8, 10,
respectively. The ideal In is generated by
nx1, ǫ2(n)x
2
1, ǫ3(n)y3,0, ǫ2(n)y2,1,
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δ(n)e2x1, (δ(n)− 1)(y2,1 − e2x
2
1), e3x1,
where ǫp(n) = gcd(p, n), and
δ(n) =
{
2, if n = 4l + 2 for some integer l,
1, otherwise.
The degreewise cohomology groups with coefficients in an arbitrary ring follow
immediately from the theorem above, together with the Ku¨nneth theorem. We will
simply refer to Theorem 4.4 for them.
Consider the quotient map SUmn → P (n,mn), which is a simply connected
cover with Deck transformation group Z/n. Therefore, we have
(4.8){
H1(BP (n,mn;Z)) ∼= H2(BP (n,mn);Z) = 0,
H3(BP (n,mn);Z) ∼= H2(BP (n,mn);Z) ∼= π2(BP (n,mn)) ∼= π1(P (n,mn)) ∼= Z/n,
which leads to the following
Lemma 4.5. In the Serre spectral sequence (E∗,∗∗ , d
∗,∗
∗ ) associated to the fiber se-
quence
BZ/m→ BP (n,mn)
Bϕ
−−→ BPUmn,
the differential d0,23 is a monomorphism. By choosing the generator of E
0,2
2
∼= Z/m
correctly, d0,23 can be taken as the canonical inclusion Z/m →֒ Z/mn. In particular,
H3(BP (n,mn);Z) is generated by x′1, the image of x1 under the homomorphism
H3(BPUmn;Z)→ H
3(BP (n,mn);Z) induced by the quotient map.
Lemma 4.5 has the following consequence:
Proposition 4.6. Let m,n be positive integers. Then ǫ2(n)n|m if and only if
H5(BP (n,mn);Z) ∼= Z/ǫ2(n)n.
Proof. See Figure 3 for the spectral sequence discussed here. Notice E5,02 = 0 from
Theorem 4.4. Then for obvious degree reasons the only nontrivial entry of the
E2-page of total degree 5 is E
3,2
2
∼= Z/m, from which it follows that
H5(BP (n,mn);Z) ∼= E3,2∞ .
The proposition then follows from the same computation as in the proof of the first
statement of Lemma 2.3, only with βmn replaced by x1. 
Remark 4.7. Indeed, the generator of H2(BP (n,mn);Z/2)
BP (n,mn)→ K(Z/n, 2)
induces a homomorphism taking the generator Qn of H
5(K(Z/n, 2);Z) to the gen-
erator of H5(BP (n,mn);Z) when ǫ2(n)n|m.
In the proof of Proposition 4.6, we observe that when n is odd and m is even, the
differentials d0,23 and d
3,2
3 annihilate the 2-torsion elements inE
∗,0
3
∼= H∗(BP (n,mn);Z).
This is a special case of a more general argument. By the definition of P (n,mn),
we have the following fiber sequence
BSUmn → BP (n,mn)→ K(Z/n, 2).
We consider the associated cohomological Serre spectral sequence with integral
coefficients, of which the E2-page has no p-torsion for any prime p not dividing n,
from which we deduce
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2 3 4 5 6
2
4
6
Z/m
Z/m
Z/mnZ
Z/m
Z/m
0 Z⊕ Z/2
Z/2
×n
×2n
×3n
×n
Figure 3. The E3-page of the spectral sequence E
∗,∗
∗ .
Lemma 4.8. For a prime p, H∗(BP (n,mn);Z) has no nontrivial p-torsion if p ∤ n.
Lemma 4.8 has the following immediate
Corollary 4.9. Let p be a prime such that p|m and p ∤ n. Then all p-torsion
element of E∗,02 vanish in the E∞-page.
Recall from Theorem 4.4 that the torsion subgroup of E8,02
∼= H8(BPUr;Z) is
Z/3 if 3|r and 0 otherwise.
Corollary 4.10. If 3|m and 3 ∤ n, then the differential
d3,45 : E
3,4
5 → E
8,0
5 = E
8,0
2
is a surjection onto its subgroup Z/3.
Proof. It follows for degree reasons that d3,45 is the only possibly nontrivial differ-
ential towards E8,0∗ , and in particular, it follows that E
8,0
5 = E
8,0
2 . The fact that
d3,45 is onto Z/3 follows from Corollary 4.9. 
We proceed to consider the Postnikov tower of BP (n,mn). Recall the low-
dimensional homotopy groups of BP (n,mn):
(4.9) πi(BP (n,mn)) ∼=


Z/n, i = 2,
Z, 2 < i < 2mn, i even,
0, 0 < i < 2mn, i odd.
We denote the ith stage of the Postnikov tower of a simply connected topological
space X by X [i], and the ith k-invariant by κi. Then we have part of the Postnikov
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system of BP (n,mn) as follows:
(4.10)
K(Z, 4) BP (n,mn)[4] = BP (n,mn)[5]
BP (n,mn)[3] = K(Z/n, 2) K(Z, 5)
κ3
In general we have BP (n,mn)[2i] = BP (n,mn)[2i+1] for all n > 0 even and i < n,
since in such cases we have π2i+1(BP (n,mn)) = 0. By (2.5) and Proposition 4.6,
we have
H5(BP (n,mn);Z) ∼= H5(K(Z/n, 2);Z) ∼= Z/ǫ2(n)n ∼= H
5(K(Z/n, 2)×K(Z, 4);Z)
if and only if ǫ2(n)n|m, which implies the following
Proposition 4.11. Let m,n be positive integers. Then ǫ2(n)n|m if and only if in
the Postnikov tower of BP (n,mn), we have κ3 = 0. or equivalently, we have
BP (n,mn)[5] = BP (n,mn)[4] ≃ K(Z/n, 2)×K(Z, 4).
Remark 4.12. This is essentially the main result of [2].
The integral cohomology groups of BP (n,mn) in degree ≤ 5 are immediate from
the proposition above. In particular, we have
Corollary 4.13. As in Proposition 4.11, we assume that ǫ2(n)n|m.
(1) H4(BP (n,mn);Z) ∼= Z. We denote its generator by e′2.
(2) Recall the map Bϕ : BP (n,mn) → BPUmn induced by the quotient map
ϕ. The induced homomorphism
(Bϕ)∗ : H4(BPUmn;Z) ∼= Z→ H
4(BP (n,mn);Z) ∼= Z
is the multiplication by ǫ2(n)mn.
Proof. The statement (1) follows immediately from Proposition 4.11. To prove (2),
consider the spectral sequence E∗,∗∗ as in (4.6). Notice E
5,0
2
∼= H5(BPUmn;Z) = 0,
from which it follows that
(4.11) E2,2∞ = E
2,2
2
∼= H2(BPUmn;Z/m) ∼= Z/m.
For the same reason we have E0,4∞ ∼= Kerd
0,4
3 . By the Leibniz rule we have d3(v
2) =
2vd3(v) = 2nvx1, which implies that E
0,4
∞ is the subgroup of E
0,4
2 of ǫ2(n)n-torsion
elements, i.e.,
(4.12) E0,4∞ ∼= Kerd
0,4
3 = E
0,4
4
∼= Z/ǫ2(n)n.
The equations (4.11) and (4.12), together with (1) of the corollary imply (2). 
We proceed to make a similar assertion on H6(BP (n,mn);Z). To do so we need
the following
Lemma 4.14. When ǫ2(n)n|m, the abelian group H
7(BP (n,mn);Z) is isomorphic
to Z/ǫ3(n)n×Z/n×Z/2modulo a cyclic subgroup. In particular, H
7(BP (n,mn);Z)
is not a cyclic group when n is even.
Proof. It follows from (4.11) that
H7(BP (n,mn)[5];Z) ∼= H7(K(Z/n, 2)×K(Z, 4);Z) ∼= Z/ǫ3(n)n× Z/n× Z/2.
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Therefore
H7(BP (n,mn);Z) ∼= H7(BP (n,mn)[6];Z) ∼= Z/ǫ3(n)n× Z/n× Z/2/(κ5),
and the result follows. 
Corollary 4.15. Suppose ǫ2(n)n|m.
(1) We have
H6(BP (n,mn);Z) ∼=
{
Z⊕ Z/2, if n is even,
Z, if n is odd.
(2) When n is even, the subgroup Z/2 of H6(BP (n,mn);Z) is generated by
(x′1)
2, where x′1 = Bϕ
∗(x1). Furthermore, Bϕ induces a homomorphism
H6(BPUmn;Z)/(x
2
1)
∼= Z→ H6(BP (n,mn);Z)/(Bϕ(x21))
∼= Z
which is the multiplication by

ǫ3(
m
n )nm
2, if n is even, or m,n are both odd,
ǫ3(
m
n )nm
2/2, if n is odd, and 4|m,
ǫ3(
m
n )nm
2/4, if n is odd, and m = 2(2l+ 1) for some integer l.
Proof. Consider the 6th stage of the Postnikov tower of BP (n,mn) as described
by the following diagram:
K(Z, 6) BP (n,mn)[6]
BP (n,mn)[5] = K(Z/n, 2)×K(Z, 4) K(Z, 7)
κ5
from which it follows that
H6(BP (n,mn);Z) ∼= Z⊕H6(K(Z/n, 2)×K(Z, 4);Z) ∼=
{
Z⊕ Z/2, if n is even,
Z, if n is odd.
from which (1) follows.
Consider the spectral sequence E∗,∗∗ . When n is even, we have
E6,02
∼= H6(BPUmn;Z) ∼= Z⊕ Z/2,
of which the 2-torsion subgroup is generated by x21. By Lemma 4.5, the image of
d3,23 is generated by nx
2
1 = 0, since n is even. Therefore we have
(4.13) d3,23 = 0.
For obvious degree reasons there is no other nontrivial differential hitting the entry
(6, 0). Hence the first half of (2) follows.
To prove the second half of (2), it suffices to show that Es,t∞ such that s+t = 6, t >
0 are all finite, of which the product of the cardinality is equal to the number given
in each case. On the E2-page, the nontrivial entries E
s,t
2 such that s+ t = 6, t > 1
are E4,22
∼= Z/m, E
2,4
2
∼= Z/m and E
0,6
2
∼= Z/m.
For E0,62 , we have
d0,63 : E
0,6
2
∼= Z/m→ E
3,4
2
∼= Z/m
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the multiplication by 3n, by the Leibniz rule. Hence we have
(4.14) E0,64 = Ker d
0,6
3
∼= Z/ǫ3(
m
n
)n.
We argue case by case, as follows.
Case 1: n is even, or m,n are both odd. In this case, either 4|mn, or mn is
odd. Then it follows from Theorem 4.4 that
E7,02
∼= H7(BPUmn;Z) = 0.
Then for degree reasons there is no nontrivial differential into or out of E4,22 . Hence
we have
(4.15) E4,2∞ ∼= E
4,2
2
∼= Z/m.
Next we consider the entry E2,4∗ . For degree reasons the only possibly nontriv-
ial differential into or out of it is d2,43 , of which the codomain, according to the
Ku¨nneth’s theorem and Theorem 4.4, is
E5,23
∼= H5(BPUmn;Z/m) ∼=
{
0, if n is odd, and consequentely so is m,
Z/2, if n is even.
We proceed to show d2,43 = 0 in both cases. When n is odd this is obvious. When n
is even, it follows from Lemma 4.14 that E5,2∞ 6= 0, for otherwise H
7(BP (mn, n);Z)
would be cyclic, a contradiction. Therefore, E5,2∞ = E
5,2
2
∼= Z/2, from which it
follows that d2,43 = 0. Hence, we have
(4.16) E2,4∞ ∼= E
2,4
2
∼= Z/m.
Again for degree reasons, the only potentially nontrivial differential out of E0,64 is
into E5,24
∼= Z/2. It follows from Lemma 4.14 that this differential is 0. Therefore
we have
(4.17) E0,6∞ ∼= E
0,6
4
∼= Z/ǫ3(
m
n
)n.
Case 1 now follow from (4.15), (4.16) and (4.17).
Case 2: n is odd, and 4|m. In this case it again follows from Theorem 4.4 that
H7(BPmn;Z) = 0. Then for the same reason as in Case 1 we have
(4.18) E4,2∞ ∼= E
4,2
2
∼= Z/m.
Consider E2,4∗ . The only potentially nontrivial differential into or out of E
2,4
∗ is
d2,43 : E
2,4
3
∼= Z/m→ E
5,2
3
∼= Z/2,
where E5,23
∼= H5(BPmn;Z/m) ∼= Z/2 follows from Ku¨nneth’s theorem. Since n is
odd, it follows from Corollary 4.9 that E5,2∞ = 0. However, for degree reasons there
is no nontrivial differential into or out of E5,2∗ except for possibly d
2,4
3 . (Notice that
E8,02 has no 2-torsion, by Theorem 4.4.) Therefore, d
2,4
3 is surjective and it follows
that
(4.19) E2,4∞ ∼= Z/
m
2
.
For degree reasons and the fact that d3,43 is surjective, there is no nontrivial entry
of total degree 7 on the E4-page. Hence it follows that
(4.20) E0,6∞ ∼= E
0,6
4
∼= Z/ǫ3(
m
n
)n.
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Case 2 then follows from (4.18), (4.19) and (4.20).
Case 3: n is odd, and m = 2(2l + 1) for some integer l. In this case it follows
from Theorem 4.4 that
E7,02
∼= H7(BPUmn;Z) ∼= Z/2,
and moreover, the differential
d4,23 : E
4,2
3
∼= Z/m→ E
8,0
2
∼= Z/2
is onto, since, due to Theorem 4.4, H7(BPUmn;Z) is generated by the cup product
e2x1. For degree reasons there is no other nontrivial differentials into or out of
E4,23 . Hence we have
(4.21) E4,2∞ ∼= Z/
m
2
.
For E2,4∞ and E
0,6
∞ the same arguments as in Case 2 applies and we have
(4.22) E4,2∞ ∼= Z/
m
2
and
(4.23) E0,6∞ ∼= Z/ǫ3(
m
n
)n.
Therefore, Case 3 follows. 
The study of the next non-trivial stage of the Postnikov tower requires some
auxiliary results on the cohomology of the classifying spaces of some Lie groups,
which is the topic of the next section.
5. the cohomology of classifying spaces of some lie groups
In [13], the author considered the integral cohomological Serre spectral sequence
associated to the fiber sequence BUr → BPUr → K(Z, 3), which we denote by
UE∗,∗∗ . and found a formula for the differential Ud3. For degree reasons we have
UEs,t3
∼= UE
s,t
2
∼= Hs(K(Z, 3);Ht(BUr;Z)).
Let ck ∈ H
2k(BUr;Z) be the kth Chern class, and x1 be the generator ofH
3(K(Z, 3);Z).
Then we have the following
Proposition 5.1 (Corollary 5.3, [13]). Ud3(ck) = (r − k + 1)ck−1x1.
In low dimensions, for example, UE0,43 and
UE0,63 ,
Ud3 is the only non-trivial
differential out of them. Therefore, the kernel of Ud0,∗3 gives the image of the
homomorphism H∗(BPUr;Z)→ H∗(BUr;Z) induced by the quotient map BUr →
BPUr. A straightforward calculation gives the following
Lemma 5.2. The image of the homomorphism H∗(BPUr;Z) → H∗(BUr;Z) in
degree 4 and 6 are generated respectively by
ǫ2(r)(rc2 −
r − 1
2
c21)
and
ǫ3(r)
ǫ2(r)ǫ2(
r−2
ǫ2(r−2) )
[
r2c3 − r(r − 2)c1c2 +
(r − 1)(r − 2)
3
c31
]
.
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By pre-composing the quotient map with the inclusion SUr →֒ Ur, we obtain
another quotient map SUr → PUr. Applying the classifying space functor and
taking integral cohomology, we obtain the homomorphism
H∗(BPUr;Z)→ H
∗(BSUr;Z).
Recall that the inclusion SUr →֒ Ur induces a homomorphism
H∗(BUr;Z) ∼= Z[c1, · · · , cn]→ H
∗(BSUr;Z) ∼= Z[c2, · · · , cn]
which annihilates c1 and takes ci to itself, for i > 1. Therefore, Lemma 5.2 imme-
diately implies the following
Lemma 5.3. The image of the homomorphism
H∗(BPUr;Z)→ H
∗(BSUr;Z)
in degree 4 and 6 are generated respectively by ǫ2(r)rc2 and
ǫ3(r)r
2
ǫ2(r)ǫ2(
r−2
ǫ2(r−2) )
c3.
We conclude this section with the following
Proposition 5.4. Let n and m be such that ǫ2(n)n|m. Consider the quotient map
SUmn → P (n,mn). The induced homomorphism
H6(BP (n,mn);Z)→ H6(BSUmn;Z) = Z[c3]
has image generated by
ǫ3(mn)
ǫ3(m/n)ǫ2(n)
nc3.
Proof. Notice that the quotient map SUmn → PUmn can be factorized as SUmn →
P (n,mn) → PUmn, and the proposition follows from Lemma 5.3 and Corollary
4.15, once we notice the following equation:
ǫ3(mn)m
2n2
ǫ2(mn)ǫ2(
mn−2
ǫ2(mn−2) )
=


ǫ3(mn)m
2n2
ǫ2(n)
, n is even(hence so is m), or m,n are odd,
ǫ3(mn)m
2n2
2ǫ2(n)
, n is odd, and 4|m,
ǫ3(mn)m
2n2
4ǫ2(n)
, n is odd, and m = 2(2l+ 1) for some l.

6. Proof of Theorem 1.7.1
We proceed to consider H7(BP (n,mn);Z). Consider the fiber sequence
BSUmn → BP (n,mn)→ K(Z/n, 2)
and the associated integral cohomological Serre spectral sequence SE
∗,∗
∗ with
SE
s,t
2
∼= Hs(K(Z/n, 2);Ht(BSUmn;Z)).
We have the following
Lemma 6.1. Suppose that ǫ2(n)n|m. Recall that H
3(K(Z/n, 2);Z)) ∼= Z/n is
generated by an element βn, and that H
7(K(Z/n, 2);Z)) ∼= Z/ǫ3(n)n is generated
by Rn. In the spectral sequence
SE
∗,∗
∗ , we have
Sd
0,6
3 (c3) = 2c2βn with kernel
generated by
n
ǫ2(n)
c3,
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3 5 7
4
6
Z
Z
Z/n Z/ǫ2(n)n Z/ǫ3(n)n
×2
Figure 4. Low dimensional differentials of the spectral sequence
SE∗,∗∗ , when ǫ3(n)n|m. The dashed arrows represent trivial differ-
entials.
and
Sd
0,6
7 (
n
ǫ2(n)
c3) =
ǫ3(n)ǫ3(m/n)
ǫ3(mn)
nRn.
All the other differentials out of SE
0,6
∗ are trivial.
In particular Sd
0,6
3 is the only non-trivial differential out of
SE
0,6
∗ when ǫ3(n)n|m.
Proof. See Figure 4 for the differentials of the spectral sequence SE
∗,∗
∗ discussed
here. For degree reasons the only potentially non-trivial differential out of SE
0,4
2 is
Sd
0,4
5 . By Proposition 4.6 we have
SE
5,0
∞ ∼= Z/ǫ2(n)n ∼=
SE
5,0
2 ,
from which it follows that Sd
0,4
5 = 0. The statement about
Sd
0,6
3 follows from an
easy comparison of the cohomological Serre spectral sequences between the fiber
sequences
BSUmn → BP (n,mn)→ K(Z/n, 2)
and
BUmn → BPUmn → K(Z, 3),
the E3-page of the latter of which is well understood in [13]. Therefore, the state-
ment about Sd
0,6
7 follows from Proposition 5.4. 
For future convenience we introduce the following notation:
(6.1) I(m,n) =
ǫ3(m/n)ǫ3(n)
ǫ3(mn)
n.
Lemma 6.1 has the following immediate consequence:
THE TOPOLOGICAL PERIOD-INDEX PROBLEM OVER 8-COMPLEXES, I 21
Corollary 6.2. Assume that n is odd, and n|m. Then we have
H7(BP (n,mn);Z) ∼= Z/I(m,n),
which is generated by Rn(x
′′
1 ). Here x
′′
1 generates H
2(BP (n,mn);Z/n). Moreover,
B(x′′1 ) = x
′
1 where B is the Bockstein homomorphism.
The general case is more complicated. Recall Lemma 4.14, which says that
H7(BP (n,mn);Z) is not a cyclic group when n is even. With a little more work
we can impose a strong restriction on the k-invariant κ5.
Remark 6.3. Since we have the homotopy equivalence
BP (n,mn)[4] = BP (n,mn)[5] ≃ K(Z/n, 2)×K(Z, 4),
the induced homomorphism
H∗(K(Z/n, 2)×K(Z, 4);Z)→ H∗(BP (n,mn);Z)
is an isomorphism in degree ≤ 6 and an epimorphism in degree 7. In view of this,
in what follows we do not explicitly distinguish the elements x′1, Rn(x
′′
1 ), e
′
2 with
βn, Rn, ι4, but stay aware of the relations in degree 7.
Lemma 6.4. Assume ǫ2(n)n|m. Then we have
κ5 = λ1Rn × 1 + λ2βn × ι4 + 1× Γ4
where λ1 ∈ Z/ǫ3(n)n, λ2 ∈ Z/n. Furthermore, the subgroups of Z/n generated by
2λ2 contains 2.
In particular, if n is odd, then, up to a scalar multiple, we have
κ5 = λ1Rn × 1 + βn × ι4 + 1× Γ4
Proof. Suppose
κ5 = λ1Rn × 1 + λ2βn × ι4 + λ3 × Γ4,
where λ1 ∈ Z/ǫ3(n)n, λ2 ∈ Z/n, λ3 ∈ Z/2. Lemma 6.1 implies thatH
7(BP (n,mn);Z)
is generated by Rn × 1 and βn × ι4, since they generate
SE3,42 and
SE7,02 , the only
non-trivial entries on the E2-page with total degree 7. In particular, the class 1×Γ4
is a linear combination of them, from which it follows that λ3 = 1.
Let 〈κ5〉 be the subgroup of H
7(BP (n,mn);Z) generated by κ5. Lemma 6.1
implies that 2βn× ι4 is in the subgroup generated by Rn×1, since
SE3,4∞ , generated
by βn × ι4, has order 2. Hence, there is some scalar Λ ∈ Z/ǫ3(n)n such that
(6.2) 2βn × ι4 + ΛRn × 1 ∈ 〈κ5〉.
Let 〈βn× ι4, Rn× 1〉 be the subgroup of H
7(BP (n,mn);Z) generated by βn× ι4
and Rn × 1. Then (6.2) implies
2βn × ι4 + ΛRn × 1 ∈ 〈κ5〉 ∩ 〈βn × ι4, Rn × 1〉 = 〈2κ5〉,
where the identification of subgroups follows from the fact
2κ5 ∈ 〈κ5〉 ∩ 〈βn × ι4, Rn × 1〉
and that 2 is a prime number.
From the above, it follows that 2βn × ι4 + ΛRn × 1 is a multiple of
2κ5 = 2(λ1Rn × 1 + λ2βn × ι4 + λ3 × Γ4) = 2(λ1Rn × 1 + λ2βn × ι4),
which implies that the ideal of Z/n generated by 2λ2 contains 2, and the lemma
follows. 
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We make the following important observation:
Lemma 6.5. Let X be the 8-skeleton of K(Z/n, 2), with Brauer class
α ∈ H3(X ;Z)tor = Br(X)
the restriction of the fundamental class βn ∈ H
3(K(Z/n, 2);Z). If α is classified
by a PUmn-torsor, then ǫ2(n)ǫ3(n)n|m.
Proof. For the obvious reason we do not distinguish cohomology classes of X and
K(Z/n, 2) in degree ≤ 7. It follows from Proposition 4.11 that ǫ2(n)n|m. It remains
to prove that ǫ3(n)n|m. Assume ǫ3(n)n ∤ m for a contradiction. Since we already
have ǫ2(n)n|m, it follows that 3|n and 3 ∤
m
n . Hence we have
(6.3) I(m,n) = n.
Since H2(X ;Z) = 0, there is a unique element α′ ∈ H2(X ;Z/n) such that
B(α′) = α, where B is the Bockstein homomorphism. Therefore, the lifting problem
shown by the following diagram
BP (n,mn)[5] = K(Z, 4)×K(Z/n, 2) K(Z, 7)
X BP (n,mn)[3] = K(Z/n, 2)
κ5
α′
f5
has a unique solution f5 since H
4(X ;Z) = 0, and for the same reason, the composi-
tion κ5 · f5 is λ1Rn ∈ H
7(X ;Z), for some λ1 ∈ Z/ǫ3(n)n, according to Lemma 6.4.
On the other hand, it follows from Lemma 6.1 and (6.3) that in H7(BP (n,mn);Z)
we have nRn = 0, whereas Rn is of degree 3n in H
7(BP (n,mn)[5];Z). Therefore,
we have
0 6= nRn ∈ 〈κ5〉 ∈ H
7(BP (n,mn)[5];Z).
This implies that nRn is a multiple of λ1Rn, and in particular, κ5 · f5 = λ1Rn 6= 0.
Hence f5 does not lift to BP (n,mn)[6], a contradiction. 
We proceed to study the next non-trivial stage of the Postnikov tower ofBP (n,mn),
namely BP (n,mn)[6]. Recall from Lemma 4.14 that when n is even, we have
H7(BP (n,mn);Z) ∼= H7(BP (n,mn)[6];Z)
∼=H7(K(Z, 4)×K(Z/n, 2);Z)/(κ5) ∼= Z/ǫ3(n)n⊕ Z/n⊕ Z/2/(κ5),
where the components Z/ǫ3(n)n, Z/n and Z/2 are generated by Rn × 1, βn × ι4
and 1× Γ4.
Lemma 6.6. Suppose ǫ3(n)n|m. Then we have E
3,4
∞ ∼= Z/ǫ3(n)n. Moreover, as a
direct sum component of H7(BP (n,mn);Z), E3,4∞ is generated by Rn.
Proof. Consider the following commutative diagram
(6.4)
K(Z/m, 1) BP (n,mn) BPUmn
K(Z/m, 1) K(Z/n, 2) K(Z/mn, 2)
=
It follows from the proof of Lemma 2.3 that the morphism of spectral sequences
induced by (6.4) restricts to an isomorphism
HE3,44
∼= E
3,4
4 .
THE TOPOLOGICAL PERIOD-INDEX PROBLEM OVER 8-COMPLEXES, I 23
We proceed to show that it restricts to an isomorphism
(6.5) HE3,4∞ ∼= E
3,4
∞ .
For degree reasons, d0,63 is the only non-trivial differential reaching the entry E
3,4
∗ .
By the Leibniz rule, we have
E3,43 / Imd
0,6
3
∼= (Z/m)/3n ∼= Z/ǫ3(m)n,
where the last equation follows from the fact that ǫ3(n)n|m. On the other hand, it
follows from Leibniz rule that d3,43 (v
2x1) = 2nvx1 = 0. Therefore we have d
3,4
3 = 0
and
E3,44 = E
3,4
4
∼= Z/ǫ3(m)n.
For degree reasons, the only potentially nontrivial differential into or out of E3,44 is
d3,45 : E
3,4
5 → E
8,0
5 .
It then follows from (2.14) in the proof of Lemma 2.3 that d3,45 = 0 when 3|n. On
the other hand, it follows from Corollary 4.10 that
d3,45 : E
3,4
5
∼= Z/ǫ3(m)n→ E
8,0
5
∼= H8(BPUmn;Z)
is onto the subgroup of E8,05 of order 3 when 3 ∤ n and 3|m. Therefore, (6.5) holds,
and the desired assertion follows from Lemma 2.3. 
The next lemma concerns βn × ι4, which, as an element of H
7(BP (n,mn);Z),
is identified with e′2x
′
1. Recall that E
0,4
2
∼= Z/m is generated by v2.
Lemma 6.7. The group E0,4∞ ∼= Z/ǫ2(m)n is the subgroup of E
0,4
2 generated by
m
ǫ2(m)n
v2.As a quotient of H4(BP (n,mn);Z), E0,4∞ is generated by the element
represented by e′2, the generator of H
4(BP (n,mn);Z). Moreover, suppose that
ǫ2(n)ǫ3(n)n|m. Then we can choose v, up to an invertible scalar coefficient, so that
in E0,4∞ there is a relation e
′
2 =
m
ǫ2(m)n
v2.
Proof. The fact that E0,4∞ ∼= Z/ǫ2(m)n and that it is generated by
m
ǫ2(n)n
v2 follows
from Lemma 4.5 and the Leibniz rule. The rest follows from Corollary 4.13. 
Theorem 6.8. Suppose that ǫ2(n)ǫ3(n)n|m. Then
(6.6) H7(BP (n,mn);Z) ∼=
{
Z/ǫ3(n)n, n odd,
Z/2⊕ Z/ǫ3(n)n, n even.
Furthermore,
(1) if n is odd, then, up to an invertible scalar,
κ5 =
ǫ3(n)m
ǫ3(m)n
λRn × 1 + βn × ι4 + 1× Γ4
(2) if n is even, then, up to an invertible scalar,
κ5 =
ǫ3(n)m
ǫ2(m)ǫ3(m)n
λRn × 1 + λ2βn × ι4 + 1× Γ4 mod 2−torsion.
where λ ∈ Z/ǫ3(n)n is invertible and λ2 is as in Lemma 6.4.
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Proof. The first case of (6.6) is just Corollary 6.2. For the other case, it follows
from Lemma 6.6 and Corollary 6.2 that we have a short exact sequence
0→ Z/ǫ3(n)n→ H
7(BP (n,mn);Z)→ Z/2→ 0.
By Lemma 4.14, the group H7(BP (n,mn);Z) is not cyclic. Therefore we have
H7(BP (n,mn);Z) ∼= Z/2⊕ Z/ǫ3(n)n,
for n even.
To prove (1) and (2) we need to find the coefficient λ1 as in Lemma 6.4. This
is accomplished by studying the element e′2x
′
1 ∈ H
7(BP (n,mn);Z). In particular,
we locate it in the spectral sequence E∗,∗∗ .
It follows from Lemma 6.7 that in E3,43 we have the relation e
′
2x
′
1 =
m
ǫ2(m)n
v2x1.
On the other hand, it follows from Lemma 6.6 that E3,4∞ is generated by
ǫ3(m)
ǫ3(n)
v2x1
which is identified with λRn for some invertible element λ ∈ Z/ǫ3(n)n. Hence, in
E3,4∞ we have the relation
(6.7) e′2x
′
1 =
ǫ3(n)m
ǫ2(m)ǫ3(m)n
λRn
Since we have
H7(BP (n,mn);Z) ∼=
{
E3,4∞ , n odd,
E3,4∞ ⊕ E
5,2
∞ ∼= E
3,4
∞ ⊕ Z/2, n even,
The desired statement (1),(2) then follows immediately from (6.7). 
Proof of Theorem 1.7.1. Let X be an 8-complex and α ∈ Br(X). The first para-
graph of the theorem, that ind(α)|ǫ2(n)ǫ3(n)n
3 follows immediately from Corollary
3.2.
We proceed to prove the second paragraph. Let X , α and α′ be as in Lemma
6.5. Consider α′ as a map X → K(Z/n, 2). Then it follows from Proposition 4.11,
that α′ has a lift to BP (n,mn)[4] if and only if ǫ2(n)n|m, in which case
BP (n,mn)[4] ≃ K(Z/n, 2)×K(Z, 4)
and we have a unique lift f5 as in the following diagram
(6.8)
BP (n,mn)[5] = K(Z, 4)×K(Z/n, 2) K(Z, 7)
X BP (n,mn)[3] = K(Z/n, 2)
κ5
α′
f5
as discussed in Lemma 6.5. Therefore, a lift of α′n to BP (n,mn)[5] exists if and
only if
κ5 · f5 = 0 ∈ H
7(X ;Z) ∼= H7(K(Z/n, 2);Z).
On the other hand, the projection
BP (n,mn)[4] ≃ K(Z/n, 2)×K(Z, 4)→ K(Z/n, 2)
splits, from which it follows that the homomorphismH∗(f5) is a quotient homomor-
phism sending exactly all classes in H∗(K(Z, 4);Z) to 0. Recall from Proposition
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4.11 and Lemma 6.5 that we only need to considerm and n such that ǫ2(n)ǫ3(n)n|m.
Therefore, it follows from Theorem 6.8 that
(6.9) κ5 · f5 = f
∗
5 (κ5) =
{
ǫ3(n)m
ǫ3(m)n
λRn, n odd,
ǫ3(n)m
ǫ2(m)ǫ3(m)n
λRn mod 2−torsion, n even.
When n is odd, κ5 · f5 = 0 if and only if ǫ3(n)n|
ǫ3(n)m
ǫ3(m)n
, i.e., ǫ3(m)n
3|mn. Since
n|m, we have ǫ3(n)|ǫ3(m), whence ǫ3(n)n
3|mn, for all m,n such that the lift of α′
to BP (n,mn)[6] exists, which, according to Proposition 4.3, is true if and only if
α can be classified by a PUmn-torsor. Therefore, ǫ3(n)n
3| ind(α). Then it follows
that ǫ3(n)n
3 = ind(α), as desired.
When n is even, the same argument can be made with the indeterminacy of
2-torsions:
κ5 · f5 =
ǫ3(n)m
ǫ2(m)ǫ3(m)n
λRn = 0 mod 2−torsions,
where λ ∈ Z/ǫ3(n)n is invertible. In other words, we have
ǫ3(n)n
2 |
ǫ3(n)m
ǫ2(m)ǫ3(m)n
, i.e.,
ǫ3(m)n
3|mn. Since n|m, we have ǫ3(n)n
3|mn for all m,n such that α is classified
by a PUmn-torsor. Hence ǫ3(n)n
3| ind(α). 
7. Proof of Theorem 1.7.2
It follows from Proposition 4.11 that BP (n,mn)[5] ≃ K(Z/n, 2)×K(Z, 4) when
ǫ2(n)n|m. As will be shown later, the essential case of this section is n = 2, which
we treat first. Consider the diagonal inclusion
∆0 : SU2 →֒ SU2m.
Passing to the quotient spaces of the respective Z/2 actions given by the scaler
multiplication of eπ
√
−1, we have another inclusion
∆1 : PU2 →֒ P (2, 2m).
Passing to classifying spaces, we have
B∆1 : BPU2 →֒ BP (2, 2m)
Lemma 7.1. B∆1 induces an isomorphism on H
3(−;Z).
Proof. By the Hurewicz theorem, it suffices to show that ∆1 : PU2 →֒ P (2, 2m)
induces an isomorphism of fundamental groups, which follows from the fact that the
Z/2 actions on their respective simply connected covers SU2 and SU2m commute
with the diagonal inclusion. 
Recall the well-known exceptional isomorphism PU2 ∼= SO3, from which it fol-
lows
BPU2 ∼= BSO3,
and in particular,
H∗(BPU2;Z/2) ∼= H
∗(BSO3;Z/2) ∼= Z/2[w2, w3],
where w2, w3 are the Stiefel-Whitney classes of the universal SO3-bundle over
BSO3.
Lemma 7.2. In the setting above, we have
Sq1(w2) = w3.
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Proof. The first nontrivial stage of the Postnikov tower of BSO3 is K(Z/2, 2) ≃
BSO3[2], and w2 is the Postnikov map. It follows from π3(BSO3) = 0 that we
have K(Z/2, 2) ≃ BSO3[3], from which it follows that w2 induces an isomorphism
over mod 2 cohomology groups in dimensions less than 4. The lemma then follows
from Corollary 2.6. 
Recall that we denote the generator of H3(BP (n,mn);Z) by x′1. Also recall the
element R2(x
′
1) ∈ H
7(BP (2, 2m);Z), or R2 for short. Let overhead bars indicate
the mod 2 reduction of integral cohomology classes. We have the following
Corollary 7.3. In mod 2 cohomology we have (B∆1)
∗(R¯2) = w22w3. In particular
(B∆1)
∗(R¯2) is nontrivial.
Proof. It follows from Lemma 7.1 and Lemma 7.2 that (B∆1)
∗(x¯′1) = w3 and
(B∆1)
∗(x′′1 ) = w2, where x
′′
1 is the generator of H
2(BP (2, 2m);Z/2). The rest
follows from Proposition 2.7. 
Recall from Proposition 4.13 that H4(BP (2, 2m);Z) is generated by e′2.
Lemma 7.4. Let 4|m, and (B∆1)
∗ be the homomorphism induced by B∆1 between
integral cohomology groups. Then
(B∆1)
∗(e′2) =
m
4
e2,
where e2 and e
′
2 are the generators of H
4(BPU2;Z) and H
4(BP (2, 2m);Z), respec-
tively.
Proof. Consider the following composition
BPU2
B∆1−−−→ BP (2, 2m)→ BPU2m,
where the second arrow is induced by the quotient homomorphism. By Theorem
4.4 and Proposition 4.13, H4(−;Z) of all 3 spaces involved are isomorphic to Z. It
follows from Lemma 8.2 of [13], or a simple calculation using the Cartan formula
of Chern classes, that H4(−;Z) of the composition is multiplication by m2, and
from Proposition 4.13 that H4(−;Z) of the second arrow is multiplication by 4m.
Therefore H4(B∆1;Z) is multiplication by
m2/4m =
m
4
.

Corollary 7.5. Let m = 4 and e¯′2 be the mod 2 reduction of e
′
2. Then in the mod
2 cohomology, we have
(B∆1)
∗(e¯′2) = w
2
2 .
Proof. Notice that
H4(BPU2;Z/2) ∼= H
4(BSO3;Z/2)
is generated by w22 . Therefore w
2
2 is the mod 2 reduction of e2. The rest follows
from Lemma 7.4. 
The author owes the following lemma to A. Bousfield.
Lemma 7.6. Let 4|m, and recall the definition of e¯′2 from Corollary 7.5. We have
Sq3(e¯′2) 6= 0.
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Proof. Consider the following fiber sequence:
BP (2, 2m)→ BPU2m → K(Z/m, 2),
and denote its associate Serre spectral sequence in Z/2 coefficients by 2E∗,∗∗ . Recall
that H2(BP (2, 2m);Z/2) is generated by x′′1 , and H
3(BP (2, 2m);Z/2) by x¯1
′. Also
recall from Corollary 2.6 which asserts
H∗(K(Z/n, 2);Z/2) = Z/2[b2, b3, b5]
where b5 = Sq
2(b3) and Sq
1(b2) = 0. For obvious degree reasons, the differential
(7.1)
2d0,23 :
2E
0,2
3
∼= H2(BP (2, 2m);Z/2)→ 2E
3,0
3
∼= H3(K(Z/m, 2);Z/2), x′′1 7→ b3
is an isomorphism. Therefore, the element x′′1 is transgressive and we have
2d0,34 :
2E
0,3
4
∼= H3(BP (2, 2m);Z/2)→ 2E
4,0
4
∼= H4(K(Z/m, 2);Z/2),
x¯′1 = Sq
1(x′′1 ) 7→ Sq
1(b3) = 0,
because b3 is the reduction of an integral class. From this it follows that
(7.2) 2d2,34 (b2 ⊗ x¯
′
1) = 0.
It follows from Proposition 4.11 that
H4(BP (2, 2m);Z/2) ∼= Z/2⊕ Z/2,
and moreover, it is generated by (x′′1 )
2 and e¯′2. Since x
′′
1 ∈
2E
0,2
3 is transgressive, so
is (x′′1 )
2 = Sq2(x′′1 ). Furthermore, we have
(7.3) 2d0,45 ((x
′′
1 )
2) = Sq2(2d0,45 (x
′′
1 )) = Sq
2(b3) = b5.
For obvious degree reasons, this is the only nontrivial differential reaching 2E5,0∗ .
Hence, we have
(7.4) 2E5,0∞ ∼= Z/2.
On the other hand, it follows from (7.2) that b2 ⊗ x¯
′
1 ∈
2 E2,33 is a permanent
cocycle, whereas
H5(BPU2m;Z/2) ∼= Z/2,
a consequence of Theorem 4.4. Therefore, it follows from (7.4) that b2 ⊗ x¯
′
1 is a
coboundary. For degree reasons and (7.3), we have
(7.5) 2d0,42 (e¯
′
2) = b2 ⊗ x¯
′
1.
We recall a theorem regarding Steenrod operations in spectral sequences, proved
independently by Araki ([6]) and Va´zquez ([17]). We quote this theorem from [14]
as follows:
Theorem 7.7 (Theorem 6.15, [14]). On the mod p cohomology spectral sequence
associated to a fibration F → E → B, there are operations
for p odd
{
F P
s : Ea,br → E
a,b+2s(p−1)
r , 1 ≤ r ≤ ∞,
B P
s : Ea,br → E
a+(2s−b)(p−1),pb
r , 2 ≤ r ≤ ∞,
for p = 2
{
F Sq
i : Ea,br → E
a,b+i
r , 1 ≤ r ≤ ∞,
B Sq
i : Ea,br → E
a+i−b,2b
r , 2 ≤ r ≤ ∞,
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that converge to the action of Ap on H
∗(E;Z/p), commute with the differentials in
the spectral sequence, satisfy analogues of Cartan’s formula and the Adem relations
and reduce to the Ap-action on H
∗(F ;Z/p) and H∗(B;Z/p), when r = 2 and a = 0
or b = 0 (that is, on E∗,02 and E
0,∗
2 ). Here Ap denotes the mod p Steenrod algebra.
These operations satisfy a list of axioms similar to those characterizing Steenrod
operations. In particular, we have
(7.6) F Sqi = 0 : Ea,br → E
a,b+i
r , i < 0 or i > b.
For the complete list of the axioms, see, for example, [6].
It follows from (7.5) that
2d0,72 (Sq
3(e¯′2)) =F Sq
3(b2 ⊗ x¯
′
1) = b2 ⊗ (x¯
′
1)
2 6= 0.
In particular, Sq3(e¯′2) 6= 0. 
In order to reduce the proof of Theorem 1.7.2 to the case that n = 2, we need
the following
Theorem 7.8 (Theorem 1.3, [5]). Let (X,OX) be a connected locally ringed topos,
and let α = α1+ · · ·+αt be the prime decomposition of a Brauer class α ∈ Brtop(X)
so that each per(αi) = p
ai
i for distinct primes p1, · · · , pt. Then
ind(α) = ind(α1) · · · ind(αt).
Proof of Theorem 1.7.2. Suppose n = 2l where l is an odd number. Write α =
α1+α2, where α1 and α2 are of order 2 and l respectively. It follows from Theorem
1.7.1 that ind(α2)|ǫ3(l)l
3. By Theorem 7.8, it suffices to show that ind(α1) ∤ 2
3.
Hence, it suffices to prove the theorem for n = 2.
Recall that for any n
κ5 = λ1Rn × 1 + λ2βn × ι4 + 1× Γ4.
In the case n = 2, this means that λ1 and λ2 are either 0 or 1. Therefore, it suffices
to determine λ1 and λ2 in the mod 2 cohomology group. It follows from Corollary
7.3 and Corollary 7.5 that in H7(BPU2;Z/2), we have
0 =(B∆1)
∗(λ1R¯2 + λ2x¯
′
1e¯
′
2 + Sq
3(e¯′2))
=(B∆1)
∗(λ1R¯2) + λ2w
2
2w3 + Sq
3(w22)
=λ1w
2
2w3 + λ2w
2
2w3 + [Sq
2(w2)w3 + w3 Sq
2(w2)]
=(λ1 + λ2)w
2
2w3
which implies λ1 + λ2 = 0. On the other hand, it follows from Lemma 7.6 that λ1
and λ2 cannot be both 0. So we have
λ1 = λ2 = 1.
Therefore, when m = 4, we have
κ5 = R2 × 1 + β2 × ι4 + 1× Γ4.
Hence, the obstruction class for lifting β2 to BP (2, 8)[5] is R2 6= 0, and the desired
result follows. 
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